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MARKOWITZ WEALTH MANAGEMENT TO PENSION PLANS

Sanjiv Das∗

Transcript of a talk presented at the Spring JOIM Conference honoring Harry M. Markowitz
on March 24–26, 2024, at the Rady School of Management, UCSD.

To begin, I’ll mention a little bit of history, then
I want to segue into a new area of work that I
started with Harry Markowitz, and I continue to
work on till today. I began working with Harry
close to two decades ago and my first introduc-
tion to Harry was actually by Gifford who sat me
down next to Harry at dinner one day. We spent
the next hour or so talking about computer sci-
ence, which was so much fun, and he spoke to
me a lot about Simscript, which you’ve heard
mentioned already today. I went back and read
the Simscript paper and it’s a fascinating paper
because there have been lots of related devel-
opments since then. In many ways Simscript
was a forerunner to the simulations of environ-
ments that people are using for reinforcement
learning today. You’re basically running a sim-
ulation environment in which agents react to a
changing landscape (i.e., a state space) in real
time. And there’s an open-source library called
“gymnasium” (originally “gym”) developed by

∗I am grateful to my co-authors on their collaborations
that are summarized in the work in this presentation: Aviva
Casanova, Daniel Ostrov, Anand Radhakrishnan, Deep Sri-
vastav, Jonathan Scheid, Meir Statman, Wylie Tollette, and
of course Harry Markowitz.
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OpenAI that pretty much does what Simscript
does, and of course a little bit more given the needs
of reinforcement learning. Harry was therefore
already talking about things that are important
today in reinforcement learning, which is now
used in so many different ways.

The second interaction I had with Harry was a few
years later when Harry, Meir Statman, and I ended
up on the investment committee of a wealth man-
agement company and through that process there
was this back-and-forth debate, as you can well
imagine, between Harry the theorist, and Statman
the behaviorist, and the twain never could meet,
you know. There was fundamental disagreement
about many things. But eventually that slowly dis-
solved into a nice consensus. And along the way
Harry gave me this paper to read. If you want to
learn about what influenced his thinking, reading
this paper titled “Trains of Thought” would be
insightful.

It’s a short paper about how modern philosophers
actually influenced Harry’s own thinking and it’s
worth reading many times. I thoroughly enjoyed
this paper, and I strongly recommend it for any-
body who wants to look at influences on Harry—I
think it will change your own thinking too.

Eventually the viewpoints of the behaviorist (Stat-
man) and the rational optimizer (Harry) ended
up in an amalgamation, which was actually quite
mathematical and simple, and I’ll talk a little bit
about that today as well. When we got there, Harry
sent me his book as we worked together to final-
ize these ideas. It’s a pretty good deal I had over
the years—I would send Harry my papers, and he
would send me his books.

We ended up writing this paper for optimization of
mental accounts and another follow up paper on
wealth management. The main result in the paper
“Portfolio Optimization with Mental Accounts”
(JFQA 2010) is that it shows how to map men-
tal accounting structure from behavioral portfolio
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theory to mean variance theory.And thus, we were
able to look at goals-based wealth management in
the light of mean-variance theory. I’ll talk a little
bit about both these things today and then try and
extend these ideas to what they mean for pension

management. The two papers with Harry on the
subject are shown on the slide below:

Here’s a related series of papers with many co-
authors that followed the work with Harry, and
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the one I’ll get to eventually as the main paper for
today is the one at the top (in red).

We are all familiar with the Markowitz mean-
variance problem. You minimize variance of a
portfolio for a given level of expected return.
Below is a very small variation on that problem,
where you maximize the mean portfolio return,
minus some function of the risk (variance), and

gamma (γ ) is a risk aversion coefficient. The
solution to this problem is easy to derive and is
shown below.

If somebody could tell you what their gamma (γ )

is, then solving this problem tells you where their
portfolio should reside on the efficient frontier.
The solution is a function of your risk aversion
coefficient now, which you probably don’t know.
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And the idea is to try to back it out. You actu-
ally need something with a behavioral view. And
after a lot of debate, downside risk was something
we all could agree on. We ended up with this
formulation of greed versus fear, where you’re
maximizing the objective function subject to a
downside constraint. The downside constraint
aims to keep the probability of the portfolio’s
return (r) falling below a threshold (H) to no
more than α, i.e., Pr[r ≤ H ] ≤ α.

Here, H is the threshold value and alpha (α) the
probability that portfolio return (r) falls below the
threshold. Now, if you expand the right-hand side
(“fear”) constraint equation, assuming some dis-
tribution for r , (it doesn’t have to be normal, as
in this case), you get the second equation above
(the constraint). You can drop that equation into
the solution we had from the previous problem,
because we know that the portfolio weights w(γ )

are a function of your risk aversion. So if we sub-
stitute the last equation above into the model and
make that an equality and drop w(γ ) in there,
you can solve for γ (numerically, that is). So
you provide H , which is the lower threshold of
return you’re willing to live with, and the proba-
bility (α) with which you do not want to go below
the threshold return. The solution tells you which

point to be on the efficient frontier. It also tells
you your risk aversion γ . This complements the
Markowitz solution by incorporating downside
risk.

It turns out you can then do mental accounting
because you can have different accounts with
different thresholds H and probabilities α. For
example, retirement, education, and bequest men-
tal accounts. You don’t know what your risk pref-
erences are for each of those accounts, you could
very well be very risky with your bequest port-
folio, but very risk averse with your retirement
portfolio. All you have to specify is what your
downside risk is, and the probability with which
you don’t want to go below that. As shown here.

For example, in the retirement subportfolio below,
I don’t want to lose more than 10% with a proba-
bility of more than 5%. The solution is translated
back into a risk aversion (γ ) of 3.79. You can
do the same thing for the education and bequest
subportfolios. You can aggregate across all these
three, because as long as you’re allowing short
selling, we know that a combination of portfolios
on the efficient frontier will end up on the efficient
frontier as well. Thus, mental account aggregation
is also possible, and we did some experiments
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to see if you impose short selling constraints,
then how far away are you from the optimal? We
compared aggregation of subportfolios with and
without short selling and the difference turned out
to be pretty small.

This is the first step, which is, we can map down-
side risk into mean variance theory and make
sure we sit on the frontier while capturing the
behavioral aspect of downside risk as well (and
detecting one’s γ ). The second step is that we
want to introduce goals-based wealth manage-
ment (GBWM) into this framework. The basic
notion of GBWM is diagrammed below.

You have an evolution equation like the one above,
where you go from initial wealth W(0) up to
some wealth W(t) at horizon t , and Z is a shock
term. The mean growth is modulated by μ and the
volatility parameter is σ . You can rearrange it so
that you have μ on the left-hand side, everything
else on the right-hand side. Say, in 10 years, I
want my wealth to go from $400,000 to $500,000.
That’s my goal. And I want to do that with an 80%
probability. The equation can be used to draw

a locus of points μ, σ that will satisfy that par-
ticular equation for a Z corresponding to 80%
under the normal distribution, in this case (see
the plot on the bottom right). We call this the goal
level probability curve (GLPC). If you increase
that probability from 80% to 90%, you rotate
the GLPC up to the left (see the bottom left plot
below). Take your mean variance efficient fron-
tier and superimpose it on the GLPCs and find the
GLPC that is tangent to the efficient frontier (we
will see this in ensuing plots).

The geometry of this problem can be solved in
closed-form using constrained optimization.

We rearrange the earlier equation to have Z on the
left-hand side, and Z is a proxy for the probability
with which you meet your goal.You can maximize
Z subject to the constraint that you remain on the
efficient frontier. To maximize Z, we take this
function for the efficient frontier above, and all
you have to do is solve for a single variable, which
is μ. Because once you have the μ, you can use
the efficient frontier to get the corresponding σ as
well. It turns out the solution comprises a cubic
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equation in one variable μ. And we were really
surprised—we didn’t expect this cubic to show
up. But it does. And then the question was, can
you solve it? And it turns out you can actually
solve it. We dusted off Cardano’s formula to get
the solution. You get three roots for μ. Two of
them are negative and one is positive. It’s obvious
which one is to be picked. And once you’ve got
that, you’ve solved the problem. Visually, see the
exhibits above.

The light green line is the efficient frontier. The
dark blue curve is for the 80% goal probability.
And if you rotate that line up, you get 86.6%
probability GLPC (light blue curve), which is the
tangential GLPC. And you also find the point on
the efficient frontier you need to be at!

There are two examples above on the right. (1)
You want to reach a goal in five years going from
100 to a goal of 125, and you’ll tangent at a point
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where you get a goal probability of 72% and a
low risk portfolio. (2) In the second case, you
have a little more aggressive goal (of 150) over a
slightly longer period of time (6 years). And you
need to take a bigger risk by being higher up on
the frontier and a lower goal probability of 51%.

That’s the static solution. Now, you might have
multiple goals over a large number of time
periods. And you want to solve this problem
dynamically, as shown next.

We can solve the same problem dynamically
with infusions and multiple goals. I’m not going
through many of the details here, but you set up a
giant grid to do your dynamic programming. The
transition probabilities depend on which portfolio
you choose. It becomes a pretty interesting engi-
neering problem. And of course, you go ahead
and solve your standard Bellman equation. I did
try to solve it using Bob Merton’s frameworks in
those famous 1969 and 1971 papers, but the set
up here is not amenable to that treatment.

Let’s look at the goals (top right below). Here’s an
investor who’s got a 60-year horizon, with many,

many different goals. At the top are the ones that
are really important goals, the ones at the bottom
are less important and more or less discretionary.
You can see the first goal, for example, is mort-
gage payments from one year to 25 years. That
means you have 25 sequential goals that you have
to meet over time. Now, what we did was we threw
in some utility weights for these different goals,
and the idea was to dynamically optimize this so
that you maximize the total utility you picked up
across all these goals across time, deciding at each
point in time, which goals to take (or not) and
which portfolio to hold.

But utilities aren’t important. Once you solve this
problem optimally (this table represents almost
300 different goals at a time), and the solution
can be expressed in terms of the probabilities of
achieving all these goals, given a dynamically
optimal strategy for portfolio choice and goal-
taking. The top goals having higher utility weights
would obviously be given preference, because at
every point in time you have a choice, when you’re
taking some goals and using up money and not
meeting more important goals in the future, and
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so on. This is what dynamic programming takes
care of. If you have an investor look at the college
goal, for example, and she says, you know, there’s
only a 76–82% chance of my kids college being
paid for. I want to be more sure of that and I’m
going to push that 900 utility weight up to 2,000,
and all you would see happening is that the proba-
bility for achieving the college goals goes up and
that of some of the other goals obviously will go
down. The optimal trading strategy is shown bot-
tom left. We use different portfolios that go from
low risk to high risk.

It’s a very large-scale problem, if you do not code
it properly, it takes time and it took 20 minutes to
run in our first attempts to program it. We eventu-
ally got it down to about 15 seconds using various
algorithmic and programming tricks. We have a
bunch of portfolios from which to choose every
rebalancing period, and they may not even be effi-
cient. But of course you want them to be efficient.
The whole collection of portfolios will be avail-
able to choose from and dynamic programming
tells you exactly which one to use depending on
where the portfolio is at any point in time.

In the graphic above you see the various inputs
to the problem, i.e., candidate portfolios, goals
with utilities and goal costs. These are fed into
the algorithm to decide the optimal portfolio as
a function of portfolio wealth and time so as to
maximize total utility from all goals taken, which
are also optimally determined. Given the solution,
we can work out the probabilities of achieving
each goal under the dynamic strategy. For the
same problem, if we change the utility values,
we will get a different solution, which is another
set of goal probabilities. Each solution is a point
in n dimensional space, where n is the number of
goals. The collection of such points for all com-
binations of utilities is called the Efficient Goal
Probability Frontier (EGPF), a new acronym that
we introduced in this work. See examples of the
EGPF when n = 2 and n = 3 (middle column
below). In the case where n = 2, we can see
how the EGPF traces out the various optimal goal
probabilities for two goals. In the top right plot
below, you can also see how the EGPF shifts if
the initial wealth is modified. And at the bottom
right, if n > 3, we can represent the results as a
table.
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This framework has now been implemented and
is seeing investor traction. It has been branded as
Goals Optimization Engine (GOE), shown above.

The nice thing about this is it gives you a com-
pletely different view of risks. Normally risk is the
standard deviation of returns of the portfolio, and
some of the higher moments that we often look at.
But here the risk is the chance of not meeting your
goals. And this is slightly different, because you
might actually minimize variance, for example,
but then completely kill off your chances of reach-
ing your goals. There’s a sweet spot somewhere
in between where you actually balance these two
things off. And so that’s the tension we’re trying

to resolve here with an algorithm that we can use
for both these risks at the same time.

What I now want to talk about is, how do you
take this framework into the world of pensions?
Not reaching your goals is the equivalent of the
probability of a liability based plan (LBP) failing
to meet its obligations. you can take everything we
do for an individual and actually port it over quite
nicely to what you do for pension plans as well,
just thinking now of risk in terms of probabilities
of not meeting plan obligations. We may think of
LBPs in the following taxonomy, ranging from
LDI (low risk) to ALM (high risk), shown below
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as a continuum. We will look at goal probability-
like metrics for LBPs using the ideas in GBWM.

LBP solvency is usually measured by the Funded
Ratio shown above. The numerator is the value
of plan assets and the denominator is the PBO,
the liabilities discounted at discount rates that are
usually in the 6–8% range, taken to be a proxy
for the expected return on plan assets. It is widely
accepted that the funded ratio has many deficien-
cies, and that more metrics are needed. In this

talk, we present additional, new metrics for LBPs,
based on the ideas in GBWM.

So we’re going to propose three new metrics,
shown below.

The SAM and FAM are based on the multi-
ple (usually α > 1) of current portfolio assets
needed to ensure solvency, so the reciprocal of
this multiple acts as a measure of solvency. These
measures are based on dynamically optimal trad-
ing strategies and hence, account for uncertainty.
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The RFFR metric delivers what the plan solvency
or fundedness is for purposes of total immu-
nization. Several papers have proposed alternate
metrics and objective functions for optimization,
and a few are shown above.

For example, in terms of optimization Bill Sharpe
and others did a whole bunch of work in the 90’s.
They recognized that the funded ratio doesn’t
account for uncertainty at all. While discounting

liabilities, the nature of the assets is not really
accounted for except in the discount rate, which is
mostly within a small range. Different approaches
are taken, and our work here complements these
shown above.

To summarize, there are many deficiencies of the
funded ratio, enumerated in the graphic below.
The new metrics we propose account for the
volatility of the assets and liabilities, the tim-
ing of cashflows, and use dynamic strategies to
determine plan fundedness.

There’s a lot more in the paper. But really the
idea here was to introduce three new metrics:
SAM, FAM, and RFFR by taking the ideas from
goal-based optimization, thinking of the liability
tranches as goals, and using the same sorts of ideas
to get probabilities for meeting these tranche obli-
gations, and then converting these probabilities
into risk metrics that might be more interesting to
look at simply because they are taking stochastic
assets and stochastic liabilities, stochastic infla-
tion, and things like that into account. The funded
ratio doesn’t really advise on a portfolio strategy.
All the variables we use here are completely open.
We can extend this problem now to many more
features like a stochastic number of people in the
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fund, the social security problem, for example,
and so on using reinforcement learning.

So to summarize:

(1) The funded ratio is simple but has deficien-
cies—it does not incorporate a dynamic view
of the LBP, among others.

(2) We introduced SAM, FAM, RFFR, i.e., three
additional metrics that account for uncer-
tainty.

(3) The funded ratio does not advise on a port-
folio strategy for LBPs—dynamic strategies
surely help.

(4) The variables needed for these new met-
rics are publicly available and can easily be
specified in standard regulation.

(5) Extensions using RL for large scale problems
like social security are the subject of future
work.

I wanted to end with the last paragraph of Harry’s
article, “Trains of Thought.”

Harry always talked about both theory and prac-
tice. In fact, the Journal of Investment Man-
agement has the motto of bridging theory and
practice. And yes, in the paragraph above, it says
there’s a bunch of people in finance, sometimes
they develop the theory of practice, but other
times the practice of theory. These two activities
reinforce each other. And if you read that last para-
graph you can see in a nutshell what motivated
Harry.

I thought I’d end with that only because, you
know, pension planning, at least to some extent,
is dealing with bigger life problems and how to
get to a solution, something Harry cared deeply
about.

End
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